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 We investigate the procedure of Schmidt modes extraction in systems with continuous variables. An algorithm 
based on singular value matrix decomposition is applied to the study of entanglement in an “atom-photon” system with 
spontaneous radiation. Also, this algorithm is applied to the study of a bi-photon system with spontaneous parametric 
down conversion with  type-II phase matching for broadband pump.  
 We demonstrate that dynamic properties of entangled states in an atom-photon system with spontaneous 
radiation are defined by a parameter equal to the product of the fine structure constant and the atom-electron mass ratio. 
We then consider the evolution of the system during radiation and show that the atomic and photonic degrees of 
freedom are entangling for the times of the same order of magnitude as the excited state life-time. Then the degrees of 
freedom are de-entangling and asymptotically approach to the level of small residual entanglement that is caused by 
momentum dispersion of the initial atomic packet.    
 Finally, we investigate the process of coherence loss between modes in type-II  parametric down conversion 
that is caused by non-linear crystal properties.  
 
1 Introduction  
Schmidt decomposition is an effective tool for analyzing entangled quantum states [1]. Recently, the problem 
of entanglement in quantum systems with continuous variables has been widely discussed [2,3,4]. It appears that despite 
the infinite large number of degrees of freedom, in some interesting cases such systems can be effectively described by 
a relatively small number of Schmidt modes.      
The main goal of our research is to develop numerical methods of describing entangled systems by the means 
of singular value decomposition (SVD). The algorithm developed was applied to describing entanglement in an atom-
photon system with spontaneous atomic radiation and also to a similar research of a bi-photon system with spontaneous 
parametric down conversion with type-II phase matching.     
For the first time it was shown that the evolution of entangled states in an atom-photon system is defined by a 
parameter, equal to the product of the fine structure constant and the atom-electron mass ratio. The dynamics of the 
system is defined by a superposition of the initial and the developing states. It is shown that the atomic and photonic 
degrees of freedom during radiation are “entangling” for the times of about the life-time of the excited state. Then the 
degrees of freedom are “de-entangling” and asymptotically approach to the small residue level of entanglement that is 
due to the energetic dispersion of the initial wave atomic packet (the square dispersion of the momentum). An analytical 
structure of photonic modes is presented. An interpretation of the derived results is given.   
 An analysis of spontaneous parametric down conversion with type-II matching is provided. The analysis is 
based on polarized density matrix and a coherence parameter. The process of coherence loss between modes is 
considered. That loss is due to the different properties of an ordinary and an extraordinary photons in a non-linear 
crystal. The dependence of the coherence between modes on the product of the crystal length and the pump bandwidth  
is given. Some examples of the Schmidt modes for various coherence levels are provided.    
 The structure of our paper is as follows. In section 2 we give some general information on the Schmidt 
decomposition modes and the numerical algorithm based on singular value matrix decomposition. Then we compare the 
developed approach with the methods used in other papers.  
 In section 3 we consider entangled states of the system atom-photon with spontaneous radiation. We provide a 
description of the structure of Schmidt modes, the Schmidt number, the entropy of entanglement for the different atomic 
packet impulse spread.  
 In section 4 asymptotical properties of the atom-photon system in momentum representation are studied. The 
study is based on the Weisskopf- Wigner theory of natural spectral line width of a two-level atom. Furthermore, the 
research concerns the recoil energy of the atom and momentum distribution of  the initial wave packet.  
 In Section 5 we consider spontaneous parametric down conversion of light. That implies that the initial photon 
splits in two photons each carrying about one half of its energy. The entangled frequency-polarization properties of such 
systems are evident when one uses impulse (10-100 fs) laser pump in the process of SPDC with the type-II phase 
matching. In that process the emerging photons are perpendicularly polarized to one another.   
 In Section 6 we investigate the polarized density matrix for the case of SPDC with the second type phase 
matching. We introduce a coherence parameter for two spatially separated modes and analyze its dependence on the 
product of the crystal length and the pump bandwidth.   
In section 7 we summarize the results of our present work. 
   
 
 2. Schmidt decomposition 
 Let the probability amplitude (wave function) of the system ( )qp,ψ  be a function of two continuous 
variables p  and . In numerical calculations the function can be represented in a discrete form as a 
matrix
q( )
2121
, jjjj qpψψ = , where nj ≤≤ 11 , nj ≤≤ 21 . We suppose that for the function the 
uniform discrete computational mesh of size nn ×  is defined. The number can be set quite large. For one it is 
sufficient to take n equal o about 30-50. Nevertheless we obtain our final results for  equal to 300-800.      
n
 t n
The matrix ( )21 , jj qpψ  can be represented in Schmidt decomposition form [1]:  
 ( ) ( )( ) ( )( )∑
=
=
n
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, ψψλψ      (1) 
where kλ  are the weight factors that meet the normalization condition.  
                    (2) 1=∑
k
kλ
 We assume that the summands in decomposition (1) are represented in the order of non-increasing of the 
coefficients kλ . 
 The functions 
( )( )pk1ψ  и ( )( )qk2ψ are called the Schmidt modes. Generally speaking, the number of 
modes is equal to the discretization number . Even so, in many cases that are of practical interest one can limit 
oneself to considering only a few primary modes. That is due to the fact that its total weight is close to 1.  
n
 In mathematical terms the possibility to consider only a few primary modes implies that one dramatically 
decreases the problem dimension. Thus the infinite Hilbert space is effectively substituted with a space of relatively 
small dimension. 
  If in (1) only the first summand is considerably large, then the degrees of freedom that correspond to the 
variables p  and   are non-entangled. Otherwise, one has to take into consideration more that one summand and 
then the degrees of freedom become entangled. For instance, the registration of the variable 
q
p  in state  ( )( )pk1ψ  
will imply that the variable  is to be found in state q ( )( )qk2ψ  (for the same ). k
We shall introduce some characteristics that describe the degree of entanglement. Let kλ be the spectra of 
eigenvalues in Schmidt decomposition. Then the effective number of modes K can be estimated as [2]:  
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k
k
K λ= ∑           (3) 
 Due to its definition, the number K is no lower than one. It is equal to one only if there is a single non-zero 
mode in the decomposition.   
 One may consider the well-known entropy of entanglement as another measure of multi-modes [1].  
 2logk
k
S kλ λ= −∑         (4) 
 The entropy of entanglement is always non-negative. It is equal to zero only if there is a single non-zero mode 
in Schmidt decomposition.         
 The Schmidt decomposition is much more compact than the decomposition of psi- function in 2-D Fourier 
transform on an arbitrary set of orthogonal functions. The Fourier coefficients produce a rectangular (e.g. square) 
matrix. For the Schmidt decomposition that matrix becomes diagonal. Then the basis functions are no longer arbitrary. 
They become quite well-defined as their appearance characterizes the considered physical problem.  
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 Let us describe the algorithm of numerical extraction of Schmidt modes in more detail. Let ψ  be a matrix of 
size  with elements nn × 21 jjψ . Let us introduce matrix M as follows:  
          (5) 
+⋅= ψψM
 If one calculates the eigenvalues and eigenfunctions of matrix M then it will be represented as: 
  ,         (6) 
+=UDUM
 Here  U  is a unitary matrix that consists of eigenfunctions of matrix M . (Every column of matrix 
is an eigenfunction of U M ). Matrix is a diagonal matrix that consists of eigenvalues D kλ  of matrix M . 
Also, we consider that kλ  are placed on the diagonal in non-increasing order.     
    
 The diagonal elements of matrix  are the desired weight multipliers D kλ  of Schmidt decomposition. The 
mode  
( )( )pk1ψ  is given by the k-th column of matrix U .  
In order to obtain modes 
( )( )qk2ψ let us introduce matrix V as: 
 ψ+−= UDV 1         (7) 
 As a rule, in high-dimension problems matrix  consists of elements that are very close to zero. This could 
lead to dividing by zero while calculating . To avoid such effect one may add small summands to the diagonal 
 (e.g. of the order of magnitude - ). The results do not really depend on the level of smallness 
of the summands. They are only introduced to avoid the division by zero. One may also “cut” the matrix dimension 
to leave only non-zero diagonal elements   
D
1−D
D 1210− 1610−
D
r rλλλ ,...,, 21  (one also needs to leave only columns in the 
matrix U  ). 
r
As a result to obtain mode 
( )( )qk2ψ  one needs only to take the -th row of matrix V .  k
Using the matrices U and V , the matrix of the probability amplitudes ψ  can be written as: 
 U S Vψ = ⋅ ⋅          (8) 
where S = D is a diagonal matrix that has non-zero diagonal elements placed in non-increasing order. The 
decomposition (8) is a singular value decomposition, while the coefficients kλ are the singular matrix values.   
 The algorithm shows that the calculation of Schmidt modes is a self-consistent by the variables p  and 
procedure. Every column of matrix U  (every mode q ( )( )pk1ψ ) can take an unimportant phase multiplier. 
Nonetheless that multiplier makes the entangled mode phase change consistently.    
 The developed algorithm differs from other similar algorithms discussed in papers [3,4]. In paper [3] the  
Schmidt modes are derived from two independent equations ((3) and (4) in [3]). Such analysis ignores the 
aforementioned self-consistency of the problem and can be erroneous. In particular, in [3] the third and the fourth 
modes have a wrong relative phaseπ  for ( )( )pk1ψ  and  ( )( )qk2ψ  (they have a wrong relative sign).  
 In paper [4] preliminary expansion of a two-variable function (probability amplitude) in a Fourier series based 
on Chebyshev- Hermite functions is assumed. Such consideration leads to unnecessary complication of the numerical 
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calculation that causes loss of precision. (That is due to the fact that the authors in [4] limit themselves to considering 
not more than 20 functions for each variable).     
  
 3. The entangled states of atom-photon system with spontaneous radiation  
We assume that the primary state of a trapped atom is described by a Gauss wave packet. That corresponds to 
the main state of harmonic oscillator. At the start time 0=t  the atom is excited by a short laser pulse and 
simultaneously the trap field is turned off, so that the atom freely evolutes. We consider that a two-level atom and we 
assume that the laser pulse duration is small compared to the excited state life-time γ/1 (whereγ  stands for the 
excited level width).  
 Rigorous analysis of the atom-photon system states is based on the quantum theory of radiation and it is given 
in [5]. We shall limit ourselves to simple heuristic considerations that provide the right answer. 
 Let us consider the case when an atom and a photon move in opposite directions in one dimensional space. 
Then, by omitting unimportant multipliers, one gets the following approximation for the wave function of atom-photon 
system.  
( ) ( ) ( ) ( )( )⎟⎟⎠
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where tγτ =  is the dimensionless time. The equation (9) is true if 1>>τ .  
c
r
p ph
γ= - is the dimensionless coordinate of the photon (the coordinate of the photo detector ) 
rec
at
v
rq γ=
- is the dimensionless coordinate of the atom,. 
where Mc
vrec
ωh= is the recoil velocity of the atom. 
 We assume that both and  (phr atr p  and ) can be either positive or negative values. In Eq.(9) we 
ignore all the multipliers that do not depend on the coordinates of the atom and the photon. 
q
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γ
ω
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- is a dimensionless value that is defined by the Gauss wave packet width  at the 
start time. 
0a
 The value η  is inversely proportional to the width of Gauss packet . Therefore, due to the principle of 
uncertainty, 
0aη  is directly proportional to the momentum spread in the initial state. As a result, one may call η the 
momentum spread parameter. A similar parameter was introduced in [2] where it was called the control parameter of 
the degree of entanglement.    
 It is assumed that at the first moment of time the state of the atom is a one-dimensional Gauss packet of the 
width : 0a
 ( ) ⎟⎟⎠
⎞
⎜⎜⎝
⎛−⋅== 2
0
2
2
exp0,
a
rconsttr atatψ       (10) 
 We shall note that according to (10) the variance of coordinate distribution  is .  2/20a
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γ
ωξ h
2
0
Mc=  - is a dimensionless value that consists only of the parameters that characterize the atomic 
system. This value is constant.  
 The state (9) of the atom-photon system has a simple physical interpretation. The first multiplier is the 
Heaviside step function that shows that the psi-function is equal to zero for τ>p .  The second multiplier 
describes an exponential decrease of the probability amplitude of the excited atom [6]. The third multiplier is the source 
of entanglement in the atom-photon system. Let us explain it in more detail. From the excitation time 0=τ  till the 
registration time τ the atom and the radiated photon evolve as a whole. The evolution of the center of inertia of the 
system corresponds to the free movement of a Gauss wave packet that spreads in the course of time. In other words, 
according to the law of conservation of momentum, no matter what happens inside the system, the center of inertia 
evolves as a freely moving particle as long as there is no external excitation on the system (atom or photon registration).      
 
 In dimensionless coordinates the coordinate of the center of inertia is qp + . That is due to the fact that if 
is the center of inertia coordinate, then the coordinates of the photon and the atom are (in 1D-approximation)  
,  as they move in opposite directions. Then for the dimensionless 
coordinate of the inertia center one gets: 
cir
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 Also, it can be shown that the evolution of a freely spreading Gauss packet leads to the equation expressed by 
the third multiplier in (9) (e.g. see [7]).  
 The impossibility to fix the coordinates of the centre of inertia is of principal importance. If initially one takes 
a narrow packet (that corresponds to the small ) then it spreads rapidly due to the uncertainty relation. Then a small 
uncertainty of the coordinate of the centre of inertia leads to a large uncertainty of the momentum and, consequently, 
that leads to a large uncertainty of the coordinate later. 
0a
 One may show that there is an optimal value of the initial packet width  that corresponds to the minimum 
packet variance at the registration time 
0aτ . It corresponds to the optimal value of η : 
 τξη 0
1=opt          (12) 
 The evolution of the entangled states of atom-photon system is defined by above introduced parameter 
ω
γ
ωξ h
2
0
Mc=  that consists of atomic constants. The parameter 0ξ  is defined as the product of a large value 
ωh
2Mc
(ratio of the internal energy  to the photon energy 
2Mc ωh ) and a small value ω
γ
 (ratio of the excited 
level width to the transition frequency). On the basis of formulas of quantum electrodynamics [6] in dipole 
approximation we get the following estimate for 0ξ : 
 m
M
m
MMc
137
~
2
0 == αω
γ
ωξ h       (13) 
 where m - is the mass of the electron,  M - the mass of the atom, 137
1=α - the fine structure constant.
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 It is evident that in real atomic systems 0ξ is a high value ( 100 >ξ ) due to the fact that even the lightest 
atom, hydrogen, is about 2000 times heavier than the electron .   
 During the process of radiation the wave packet is spreading. Yet this spreading is small, which means that 
during the radiation time γ
1~t  the “diffusion” quantum length is small compared to the initial atomic packet length 
[5]. From that condition one easily gets: 0a
  
0
1
ξη <<          (14) 
 Due to (13) the condition (14) implies that the parameter η  a priori is a small value (for the order of value 
0.1 or smaller). Note that in papers [2, 8] large parameters )100010(~ −η were considered. For the 
aforementioned reasons such consideration does not seem quite physically correct.     
 From the other point of view, the parameter η can not be too small either. Small values of η stand for large 
values of the atomic packet size. Consequently, that leads to the coherence loss betwe ting photon and the 
atomic oscillator. For large radiating atomic systems the phase multiplier 
en the radia( )rki rrexp  is close to zero. The 
coherence condition between the radiated photon and the atomic oscillator imply that the size of the atomic packet 
is small compared to the wave length 
0a( )πλ 2/=D . From that one easily gets a condition: 
  
0
1
ξη >>          (15) 
 Let us take into consideration that ηξ0
0 1=D
a
 due to the definition. Then the conditions (14) and (15) 
can be rewritten as: 
   1
1 0
0
<<<< D
a
ξ         (16) 
 Thus, the conditions of applying the described theory imply the assignment of the initial atomic packet width 
in a narrow range, defined by (16). 
 On Fig. 1a an example of probability amplitudes for the compound atom-photon system is given (the first 
Schmidt mode). It is evident that the spatial atomic wave function localization  is negligible (the large atomic packet 
width does not even allow one to predict the recoil direction of the atom). The figure corresponds to the following 
parameter values: 1000 =ξ ,  03.0=η , 10=τ . 
 Fig 1b shows the structure of the primary three wave functions of the radiation. There the greatest part stands 
for the first Schmidt mode.   
 One may approximate the structure of the Schmidt modes by a set of orthogonal functions that is based on the 
Laguerre polynomials (  is the normalization constant). kC
( )( ) ( ) ( ) ( )pppLCp kkk −⎟⎠
⎞⎜⎝
⎛ −−−= τθττψ
2
1exp1    ( ,...1,0=k )  (17) 
 The numerical calculation results of the Schmidt modes are very close to the results of the analytical 
approximation. The relative approximation precision is about . In our calculations we used a discrete model with 
the number of points 
310−
800=n . 
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 According to the Weisskopf- Wigner model, the dynamics of the atom-photon system state during radiation is 
defined by the superposition of the initial and the developing states. The initial state weight 0e  (the excited atom 
and zero photons) decreases with time as 
( )( ) ( )tte γλ −= exp . At the same time, the weight of the developing 
state  1g  (the atom in the ground state plus one photon) increases as ( )( ) ( )ttg γλ −−= exp1 . For that 
reasons, the Schmidt number and the entanglement entropy in zero approximation (without taking account of the fine 
structure of the state (9)) are defined as: 
 
( ) ( )( )( ) ( )( )( )220 1 tttK ge λλ +=       (18) 
 ( ) ( )( )( ) ( )( )( ){ } ( )( )( ) ( )( )( ){ }2222220 loglog tttttS ggee λλλλ −−=  (19) 
 Numerical calculations (Fig. 2a) shoe that considering the fine structure does not have almost impact on the 
estimates, given by the Eq. (18) and (19). 
 The Figures shoe that the atomic and the photonic degrees of freedom during radiation are entangling for the 
time 1<τ  and are de-entangling for 1>>τ . 
 On Fig.2b we demonstrate the small differences ( ) ( )tKtK 0−  and ( ) ( )tStS 0−  that are the 
corrections to the Schmidt number and the entanglement entropy compared to the values defined by Eqs. (18) and (19). 
Asymptotically for 1>>τ  and 1<<η  the considered parameters are defined by: 
          (20) 
21 η+≈∞K
 
( )⎟⎟⎠
⎞
⎜⎜⎝
⎛ ++⎟⎟⎠
⎞⎜⎜⎝
⎛≈∞ 2ln15.01ln2ln
2
η
ηS
     (21) 
 We see that the residual asymptotical entanglement given by (20) and (21) is completely due to the energy 
spread of the initial wave packet. 
 The asymptotical properties of the atom-photon system can be clearly described by the momentum 
representation that is to be discussed in the next section.  
  
 4. Spontaneous radiation of an atom in momentum representation 
 According to the Weisskopf- Wigner theory the natural spectral line width of a two-level atom is defined by 
[6,9]: 
 
( )
2/
1~ γωωω ia phph +− ,      (22) 
 there ω  and γ  are the frequency and the width of the atomic transition, phω - is the photon frequency 
and ( )pha ω  is the probability amplitude.  
 Let us take into account momentum spread in initial wave packet and recoil energy of atom. As a result, we 
get: 
 
( )
2/
2
1
2
exp
,
0
2
2
0
2
γωξ
γω
ω
i
Mc
p
ap
Cp
a
ph
a
aph
+−+⎟⎠
⎞⎜⎝
⎛ −
⎟⎟⎠
⎞
⎜⎜⎝
⎛−
=Ψ h
   (23) 
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 In the numerator stands the amplitude of the Gauss packet in impulse representation (Fourier transform of Eq. 
(10)). The multiplier ⎟⎠
⎞⎜⎝
⎛ −
Mc
pa1  in the denominator describes the Doppler frequency shift, 
02ξ
γ
 is the photon 
frequency decrease due to the atom recoil,  accounts for normalization. C
 Eq. (23), as well as (9), defines the atom state for γ/1>>t , when the weight of the initial excited state is 
close to zero. We also suppose that during radiation time γ/1 the Gaussian atomic packet changes little (that 
corresponds to the condition 1<<η ).  
 Let us introduce dimensionless variables: the dimensionless photon frequency phν  (or equally its 
dimensionless momentum) and the dimensional atom momentum aπ . 
 γ
ωων −= phph         (24) 
 h
0apa
a =π          (25) 
 
 The Eq. (23) in dimensionless coordinates takes the form: 
 
( )
2/
2
1
2
exp
,
0
2
i
C
aph
a
aph +−+
⎟⎟⎠
⎞
⎜⎜⎝
⎛−
=Ψ
ηπξν
π
πν
     (26) 
 In the considered approximation 1<<η , 10 >>ξ . Therefore the denominator of (26) is close to the 
denominator of the initial equation (22) of Weisskopf- Wigner. In that case the state (26) is close to the product of the 
Lorenzian photon multiplier (22) and the Gaussian atomic multiplier. In other words, the entanglement between phν  
and aπ is small. The deviation of the Schmidt number from one and the entanglement entropy from zero is defined by 
(20) and (21) that is approved by numerical calculations.  
 On Fig. 3a, 3b, 3c we show the structure of the first two Schmidt modes. Fig. 3a and 3b demonstrate 
probability densities and Fig. 3c – the real and the imaginary amplitude parts of photonic modes. 
      
 5. Spontaneous parametric down conversion of light  
Spontaneous parametric down conversion (SPDC) of light is a non-linear optical effect that implies that the 
initial photon (pump laser generated) is transformed into two photons – signal and idler photons, the frequencies sum of 
which is equal to the pump frequency in stationary case. 
There are two types of SPDC – with the first type phase matching and with the second type phase matching. In the first 
case the generated photons are polarized equally, while in the second case the photons are polarized perpendicularly to 
one another. Let us consider the latter case of the type-II  SPDC. Then the generated photons can be associated with the 
ordinary and the extraordinary rays in a non-linear crystal. Let us consider a so called frequency-degenerated regime, 
when each of the generated photons have approximately equal frequencies. Due to the fact that the properties of the rays 
are different the photons become distinguishable. The effect is considerable for short pump impulses (10-100 fs), i.e. for 
broadband pump Hz. 
13 1410 10−
Let us consider the collinear mode that stands for the case when the directions of all the three photons are the 
same (the pump photon and the two generated photons). In [11-13] it was shown that for the Gaussian pump the 
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probability amplitude ( ),o eψ ω ω of generating a pair of photons with frequencies oω  and eω for the ordinary 
and the extraordinary rays respectively can be expressed as: 
( ) ( ) ( ), ,o e o e o eC ,ψ ω ω α ω ω ω ω= ⋅ ⋅Φ      (27)  
where  is the normalization constant. C
( ) ( )
2
2
2
, exp o eo e
ω ω ωα ω ω σ
⎛ ⎞+ −= −⎜⎜⎝ ⎠
⎟⎟       (28) 
( )
( ) ( ) ( )( )
( ) ( ) ( )( )
sin
2,
2
o o e e p o e
o e
o o e e p o e
Lk k k
Lk k k
ω ω ω ω
ω ω
ω ω ω ω
⎡ ⎤+ − +⎢ ⎥⎣ ⎦Φ = ⎡ ⎤+ − +⎢ ⎥⎣ ⎦
   (29) 
The first multiplier ( ,o e )α ω ω  is defined by the pump spectrum. The parameter 2ω stands for the mean 
pump frequency value and σ - is the pump frequency spread. Note that the pump frequency distribution has a 
variance .  4/2σ
The second multiplier ( ,o e )ω ωΦ  is defined by the non-linear crystal properties.  is the crystal length, L
( )o ok ω , ( )e ek ω  and (p o ek )ω ω+  are dispersion dependencies for the ordinary, extraordinary and the pump 
waves respectively.  
If one considers the dispersion dependencies around the frequencyω for the ordinary and the extraordinary 
waves and around the frequency 2ω  for the pump wave then the multiplier ( ),o eω ωΦ  can be approximately 
expressed as [11,12]: 
( )
( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( )
sin
2,
2
o o p e e p
o e
o o p e e p
Lk k k k
Lk k k k
ω ω ω ω
ω ω
ω ω ω ω
⎡ ⎤′ ′ ′ ′− − + − −⎢ ⎥⎣ ⎦Φ = ⎡ ⎤′ ′ ′ ′− − + − −⎢ ⎥⎣ ⎦
  (30) 
There the derivatives of the wave numbers on frequency define the inversed group wave velocities: 
( )o
o
k
k ω ω
ω
ω =
∂′ = ∂  
( )e
e
k
k ω ω
ω
ω =
∂′ = ∂   
( )
2
p
p
k
k ω ω
ω
ω =
∂′ = ∂   (31) 
In calculations it is convenient to describe the spectrum width in inversed picoseconds 
1~ (10 100) psσ −− . Also, the product of the differences of the inversed group velocities and the crystal 
length is also convenient to be expressed in picoseconds. The typical experimental values that are used in the 
calculations are as follows [3]: ( ) ; 0.266 p ek k L ps (′ ′− = ) 0.076 p ok k L ps′ ′− =
m
 (for the length of crystal 
). 1 L m=
The probability amplitude can be expressed in compact form if one introduces dimensionless variables and 
parameters: 
op ω ωσ
−=  ;  eq ω ωσ
−=        (32) 
( )o p oX k k Lσ′ ′= − ;  ( )e p eX k k Lσ′ ′= −      (33) 
Then the probability amplitude of SPDC can be expressed as: 
( ) ( )( ) ( )( )2 sin 0.5, exp 0.5 o eo e o eX p X qС p q X p X qψ ω ω +⎡ ⎤⎣ ⎦= ⋅ − + +⎡ ⎤⎣ ⎦  
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( ) ( )( ) ( )( )2 sin 0.5, exp 0.5 o eo e o eX p X qС p q X p X qψ ω ω +⎡ ⎤⎣ ⎦= ⋅ − + +⎡ ⎤⎣ ⎦    (34) 
 
6. The coherence of the photons that make a bi-photon 
Let the radiation field of bi-photons (e.g. after beam splitter passing) be located in two different spatial modes 
(the signal mode and the idler mode).  
Let the ordinary ray be horizontally polarized and the extraordinary ray vertically-polarized. Then the vector of 
the bi-photon state generated during the type-II SPDC includes the frequency and the polarization degrees of freedom 
and can be expressed in the form: 
( ) ( )1 , ,
2
s i s i
o e e oHV Vψ ω ω ψ ω ω⎡ ⎤Ψ = +⎣ ⎦H   (35) 
There the state vector consists of two summands: the probability amplitude of the ordinary ray to be in a signal 
mode and the extraordinary in the idler mode and vice versa.  
Let 
1
0
H ⎛ ⎞= ⎜ ⎟⎝ ⎠
, 
0
1
V ⎛ ⎞= ⎜ ⎟⎝ ⎠
, 
1
0
1
0
0
e HV
⎛ ⎞⎜ ⎟⎜ ⎟= = ⎜ ⎟⎜ ⎟⎝ ⎠
, 
2
0
0
1
0
e VH
⎛ ⎞⎜ ⎟⎜ ⎟= = ⎜ ⎟⎜ ⎟⎝ ⎠
. Then in dimensionless discrete 
representation the bi-photon state (35) can be expressed as: 
1
1
2 pq qp
e eψ ψ⎡ ⎤Ψ = +⎣ 2 ⎦       (36) 
The frequency parts of the summands of amplitudes pqψ  and qpψ are symmetrically conjugated matrices 
obtained for the discretization of the Eq. (34).  
The state vector (36) is a ket-vector. The conjugated to it vector (a bra-vector) is: 
1
1
2 pq qp
eψ ψ∗ ∗⎡ ⎤Ψ = +⎣ 2e ⎦       (37) 
When one registers the polarization of photons and does not measure the frequencies then one gets a 
polarization density matrix. It is obtained by summing the complete density matrix for the frequency degrees of 
freedom, according to the standard rules of quantum mechanics [14]:  ( )ˆ pqTrρ = Ψ Ψ         (38) 
The results of our calculations can be expressed in the following compact form:  
*
0 0 0 0
0 1 01ˆ
0 12
0 0 0 0
F
F
ρ
⎛ ⎞⎜ ⎟⎜= ⎜ ⎟⎜ ⎟⎝ ⎠
0
⎟         (39) 
There the parameter , that characterizes the degree of the state coherence, is given by: F
  ( )* *pq qp
pq
F Trψ ψ ψ= =∑ ψ        (40) 
Note that in the aforementioned equation 
*ψ  one has a complex rather than the Hermitian matrix 
conjugation. Also note that ( ) 1Tr ψψ + =  due to the normalization condition. 
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In our matter the parameter is a real number (F 0 1F≤ ≤ ). For  one gets a pure state 1F =
0
1/ 21
2 1/ 2
0
HV VH
⎛ ⎞⎜ ⎟⎜+ =⎡ ⎤⎣ ⎦ ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠
⎟ . Contrary, for 0F = , one gets a completely incoherent mixture of states HV and 
VH  with equal weights. If then one gets a partially coherent polarization state, that consists of a 
mixture of the state 
0 F< < 1
0
1/ 21
2 1/ 2
0
HV VH
⎛⎜⎜ ⎟+ =⎡ ⎤⎣ ⎦ ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠
⎞⎟  with the weight 1
2
F+  and the state 0
1/ 21
2 1/ 2
0
HV VH
⎛ ⎞⎜⎜ ⎟− =⎡ ⎤⎣ ⎦ ⎜ ⎟−⎜ ⎟⎜ ⎟⎝ ⎠
⎟  with the 
weight 1
2
F− .  
The above-described theoretical analysis can also be performed experimentally by the methods of bi-photon 
fields quantum tomography. [15,16].   
On Fig. 4 the dependence of the coherence degree F  on the crystal length is shown (for the pump bandwidth  
). Note that according to (33) the calculation results depend on the product of the crystal length and 
the pump frequency spread  
110 −= psσ
σ . On account of this, the Fig. 4  can be easily recalculated for other values of σ .  
Fig. 5 illustrates the closeness of the ordinary and the extraordinary modes to one another for the higher values 
of coherence F  (or equally for the smaller crystal lengths or the pump bandwidth). The corresponding odd modes are 
aloes and the even modes differ in sign. The figure corresponds for the following values of parameters:  
mmL  5.0= , , 110 −= psσ 97.0=F , 6.5=K  , . 16.3=S
Similarly, Fig.6 shows the difference in modes for the ordinary and the extraordinary rays for the lower values 
of coherence F . The figure corresponds for the values of parameters: 
mmL  4= , , 110 −= psσ 37.0=F , 2.2=K ,   8.1=S
 
7. Conclusions 
Let us briefly summarize the main results of our present work.  
 1. The algorithm of Schmidt modes extraction is applied to the systems with continuous physical variables. 
The algorithm is based on a singular value matrix decomposition. The simplicity, the high accuracy and the high 
reliability are demonstrated. The comparison with other  methods is performed.  
 2. It is shown that a parameter based on fundamental constants defines the evolution of the entangled states of 
the atom-photon system with spontaneous radiation. The parameter consists of the product of the fine structure constant 
and the atom-electron mass ratio.   
 3. The analysis of dynamics of entanglement in the system atom-photon is performed. It is shown that in the 
course of time the entropy of entanglement between the photonic and the atomic degrees of freedom increases for the 
times of the order of magnitude of the excited state life-time. Then the entropy falls and asymptotically approaches to 
the small residual entropy level that is defined by the energy spread of the initial wave packet. The analytical structure 
of the photonic modes is obtained.  
4. The effect of the coherence loss between modes in the process of spontaneous parametric  down conversion 
with second type phase matching. The polarization density matrix is described and the coherence parameter that is due 
to the difference between the ordinary and the extraordinary waves in a non-linear crystal is introduced. The 
dependence of the coherence degree between modes on the crystal length and the pump bandwidth is analyzed. Some 
examples of the Schmidt modes analysis for various coherence degrees are given. 
 
 Useful discussions with B.A. Grishanin and S.P. Kulik are gratefully acknowledged.  
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Fig. 1a: an example of probability amplitudes for the compound atom-photon system (the first Schmidt mode). 
Fig 1b: the structure of the primary three wave functions of the radiation. There the greatest part stands for the first 
Schmidt mode.   
The figure corresponds to the following parameter values: 1000 =ξ ,  03.0=η , 10=τ . 
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 Fig. 2a: numerical calculations of the Schmidt number and the entanglement entropy. 
 Fig.2b: the small differences ( ) ( )tKtK 0−  and ( ) ( )tStS 0−  . 
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 Fig. 3a, 3b: the structure of the first two Schmidt modes (probability densities) 
 
 
 15
 
 Fig. 3c: the structure of the first two Schmidt modes (the real and the imaginary amplitude parts of photonic 
modes) 
 
 Fig. 4: the dependence of the coherence degree F  on the crystal length (for the pump bandwidth  
). 
110 −= psσ
 
 
 16
 
 
 
Fig. 5a, 5b: the closeness of the ordinary and the extraordinary modes to one another for the higher values of 
coherence  (or equally for the smaller crystal lengths or the pump bandwidth). Modes 1 and 2. 97.0=F
 
 
 
 17
 
 
 
 
Fig. 5c, 5d: the closeness of the ordinary and the extraordinary modes to one another for the higher values of 
coherence  (or equally for the smaller crystal lengths or the pump bandwidth). Modes 3 and 4. 97.0=F
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 Fig.6a,6b: the difference in modes for the ordinary and the extraordinary rays for the lower values of coherence 
.  Modes 1 and 2. 37.0=F
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 Fig.6c,6d: the difference in modes for the ordinary and the extraordinary rays for the lower values of coherence 
.  Modes 3 and 4. 37.0=F
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